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Abstract. Let G be a simply connected Chevalley group over a p-adic ﬁeld, with the
residue ﬁeld of order q, corresponding to an irreducible simply laced root system. We
show that the minimal representation V of G can be deﬁned over Q. We show that the
reduction of V modulo ℓ  = p is minimal (in appropriate sense) and is irreducible for ℓ
outside an explicit, ﬁnite set determined by q.
1. Introduction
Let G be a simply connected Chevalley group over a p-adic ﬁeld, corresponding to an
irreducible simply laced root system Φ. Let V be a smooth, irreduciblerepresentation of G,
deﬁned over the ﬁeld of complex numbers, that corresponds to the reﬂection representation
of the Iwahori-Hecke algebra of G. The wave-front set of V is equal to the closure of
the minimal non-trivial nilpotent orbit. For this reason V is often called the minimal
representation. A purpose of this paper is to show that V can be deﬁned over Q and to
establish some properties of its reduction modulo ℓ where ℓ is a prime diﬀerent from p.
We shall assume that Φ is not of the type E8. In this case the paper of Weissmam [W]
provides a nice treatment of V over complex numbers.
Let P = MN be a maximal parabolic of G such that N is commutative. Such P exists
if Φ is not of the type E8. The minimal representation can be characterized in terms of
its restriction to N. More precisely, if F is any ﬁeld, a smooth character ψ : N → F ×
takes values in roots of 1 of order pn. Therefore, if the characteristic of F is not p and it
contains all roots of 1 of order pn (all n) the theory of smooth characters of N with values
in F × does not diﬀer from the complex case. In particular, following Weissman, the set of
smooth characters of N can be written as a union
∪
r
k=0Ωk
where Ωk is the set of rank k characters (see Section 2 for a precise deﬁnition of rank). If
k  = r then Ωk is one M-orbit. For example, Ω0 = {0} and Ω1 is the minimal non-trivial
M-orbit. We say that a smooth representation V of G deﬁned over F has the N-rank m
if VN,ψ = 0 for all ψ in Ωk for all k > m and VN,ψ  = 0 for some ψ in Ωm. For example, the
minimal representation over C has the N-rank 1 and, moreover, dim(VN,ψ) = 1 for ψ in
the minimal orbit Ω1. It is worth remarking that calculations of dual pair correspondences
arising from the minimal representations are almost entirely based on this fact [MS]. Thus,
it is of obvious interest to extend these result to the positive characteristic.
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The main results of this note are Proposition 3, which says that the mod-ℓ reduction
of the minimal representation has the N-rank 1, and Proposition 4, which gives precise
conditions on ℓ under which the reduction of the minimal representation is irreducible.
2. Maximal parabolic subgroups
Let g be a simple split Lie algebra over a p-adic ﬁeld. Let t ⊆ g a maximal split Cartan
subalgebra and Φ the corresponding root system. We assume that Φ is a simply laced
root system, meaning that all roots are of equal length. In particular, the type of Φ is
A, D or E. Fix ∆ = {α1,...,αn}, a set of simple roots. Every root can be written as a
sum α =
 n
i=1 mi(α)αi for some integers mi(α). To every simple root αi we can attach a
subalgebra p = m ⊕ n and the opposite algebra p− = m ⊕ n− where

 
 
m = t ⊕ (⊕mi(α)=0 gα)
n = ⊕mi(α)>0 gα
n− = ⊕mi(α)<0 gα.
Note that mss = [m,m] is a semi-simple Lie algebra which corresponds to the Dynkin
diagram of ∆\{αi}. Let β be the highest root, and b = ni(β). For every j between 1 and
b, deﬁne
nj = ⊕mi(α)=j gα.
Then [nj,nk] ⊆ nj+k. In particular, if b = 1 then n is commutative. Here is the list of all
possible pairs (g,m) with n commutative.
g An−1 Dn Dn+1 E6 E7
mss Ak−1 × An−k−1 An−1 Dn D5 E6
dim(n) k(n − k) n(n − 1)/2 2n 16 27
Explanation: in the ﬁrst case, n is equal to the set of k × (n − k) matrices. In the second
case it is equal to the set of all skew-symmetric n × n matrices, and in the third case n
is the standard representation of so(2n). In the fourth case n is a 16 dimensional spin
representation and, in the ﬁfth and last case, it a 27 dimensional representation of E6.
Let G be the simply connected split Chevalley group corresponding to g. Let P = MN
be the maximal parabolic subgroup with the commutative unipotent radical N = exp(n),
where n is as in the table above. If we ﬁx an additive character of the p-adic ﬁeld, the
characters ψ : N → C× are naturally parameterized by elements in n−. Let β1,...,βr be
a maximal set of orthogonal roots in n−. The positive integer r is called the rank of n−
(or of n). Pick ei a non-zero element in gβi. Then
n
− = ∪
r
k=0Ωk
where Ωk is the M-orbit of e1 +     + ek for any k < r.
We ﬁx a ﬁltration of g by lattices gn, n ∈ Z, such that ̟   gn = gn+1 where ̟ is a
uniformizing element. For every n, positive and suﬃciently large (that is larger then some
n0) we have the following three subgroups
G
−
n = exp(n
−
3n), G
0
n = exp(mn) and G
+
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and an open compact subgroup
Gn = G
−
nG
0
nG
+
n.
Note that ∩n>n0G−
n = {1}, ∩n>n0G0
n = {1} and ∪n>n0G+
n = N. Moreover, any character
ψ of N gives a character ψn of Gn which is trivial on the ﬁrst two factor and equal to the
restriction of ψ on G+
n.
3. Minimal representation
Weissman studies the generalized principal series iG
P(s) deﬁned over complex numbers.
Here s is a (complex) parameter. He determines all reducibility points. In particular
there exists a sequence of negative integers s0 < s1 < ... < sr−1 such that iG
P(sl) has a
composition series of length 2 and its unique irreducible submodule Vl is generated by the
spherical vector. Moreover, the submodule Vl has the N-rank equal to k. For example, V0
is the trivial representation of G, while V1 = V is the minimal representation.
Since the inducing character of iG
P(sl) takes values in the group pZ ⊆ Q× the induced
representation can be deﬁned over Q (as functions with values in Q).
Proposition 1. For every 0 ≤ l < r the induced representation iG
P(sl) over the ﬁeld Q has
a composition series of length 2.
Proof. Note that iG
P(sl) contains a spherical vector. The submodule generated by the
spherical vector is proper. (Since it is so over complex numbers.) Thus the length is at
least 2. It cannot be more than two since extending scalars cannot decrease the length
which is 2 over the complex numbers. ￿
4. Reduction
Let F be a ﬁnite extension of Qℓ. Let R be the ring of integers in F. It is a local ring,
and if m is the maximal ideal then f = R/m is a ﬁnite extension of Fℓ. Note that the
group pZ is contained in R×.
Let V be a vector space over F. A free R-submodule L ⊂ V containing a basis of V is
called a lattice. Equivalently, see [V], pages 75-91, an R-submodule L ⊂ V is a lattice if
for every ﬁnite dimensional subspace W ⊆ V , the intersection L ∩ W is a lattice in W.
That is, L∩W is a free R-module of the rank equal to the dimension of W. It is clear form
this deﬁnition that intersection of L with any subspace in V is a lattice in the subspace.
If V is a smooth G module over F, and L is a G-invariant lattice, then we can deﬁne
¯ V = L/mL.
Then ¯ V is a G-module over the residue ﬁeld f. It is called a reduction of V modulo m.
Of course, ¯ V depends on the choice of the lattice L.
For example, the induced representation iG
P(sl) and its submodule Vl are deﬁned over F
by Proposition 1. Since pZ ⊆ R×, there is a natural lattice deﬁned as functions in iG
P(sl)
with values in R. The intersection of this lattice with the submodule Vl gives a lattice in
Vℓ. In this way we obtain a reduction of Vl modulo m.
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Proposition 2. Let R be a local ring with the maximal ideal m and the ﬁeld of fractions
F as above. Let K be a pro-p subgroup in G and χ : K → R×, a smooth character of K.
Assume that ¯ V is a reduction modulo m of a smooth module V of G. Then
dimF(V
K,χ) = dimf(¯ V
K,χ).
Proof. Deﬁne a projector P : V → V K,χ as follows. Let v be in V . Then there exists a
subgroup K′ of K, of ﬁnite index, ﬁxing v. Let
P(v) =
1
[K : K′]
 
k∈K/K′
χ
−1(k)π(k)v.
Since the index [K : K′] is a power of p and p is invertible in R, P preserves the lattice L.
Let LK,χ = L∩V K,χ. Since v = Pv+(1−P)v for every v in L, it follows that L = LK,χ+L′
where L′ is the kernel of P. Hence ¯ V K,χ = LK,χ/mLK,χ and the proposition is proved. ￿
5. Reducing the minimal representation modulo ℓ
Let ¯ V be the reduction modulo ℓ of the minimal representation. It is deﬁned over Fℓ,
however in order to discuss the N-rank of ¯ V , we need to extend the scalars to ¯ Fℓ. Let
ωℓ′ ⊆ C× be the group of roots of 1 of order prime to ℓ. Since N is a union of pro-p
subgroups, a smooth character ψ : N → C× takes its values in ωℓ′. By identifying ωℓ′
with ¯ F
×
ℓ we can view ψ as a smooth character from N to ¯ F
×
ℓ . In particular, the space of
co-invariants ¯ VN,ψ is well deﬁned since ¯ V is a vector space over ¯ Fℓ.
Proposition 3. Let ¯ V , considered here over ¯ Fℓ, be the reduction modulo ℓ of the minimal
representation. Then the N-rank of ¯ V is 1. Moreover, if ψ is a smooth character of N of
rank 1, then dim¯ Fℓ(¯ VN,ψ) = 1.
Proof. In order to prove this proposition, it suﬃces to show that dimC(VN,ψ) ≥ dim¯ Fℓ(¯ VN,ψ)
for every smooth non-trivial character ψ of N. (Since dimC(VN,ψ) is 1 if ψ is in the minimal
orbit and 0 otherwise.)
Recall, from Section 2, the sequence of pro-p subgroups Gn and characters ψn. In [M]
it is shown that
lim
n→∞dimC(V
Gn,ψn) = dimC(VN,ψ).
An analogous identity may or may not be true for ¯ V , however we do not need the full
strength of it here. Assume that λ1,...,λm are linearly independent elements in ¯ VN,ψ.
Pick vectors v1,...,vm in ¯ V such that
λi(vj) = δij.
Then we can pick a large positive integer n0 such all vi are invariant under G−
nG0
n if n > n0.
Let Pn be the projection of ¯ V onto ¯ V Gn,ψn deﬁned by the integral as in Proposition 2. Then
one easily checks that
λi(Pn(vj)) = λi(vj)
for every n > n0. It follows that dim¯ Fℓ(¯ V Gn,ψn) ≥ m for every n > n0. Proposition 2 and
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since the character ψn of Gn takes values in a ﬁnite extension of Q.) The proposition is
proved. ￿
Corollary 1. The reduction modulo ℓ of the minimal representation of G has a unique
irrreducible subquotient of N-rank one, with other irreducible subquotients isomorphic to
the trivial representation.
Proof. Exactness of the functor of (N,ψ)-coinvariants, implies that there is only one irre-
ducible subquotient of the N-rank one, while other have the N-rank 0. Since G is perfect,
the trivial representation is the unique representation of the N-rank 0. ￿
The reduction ¯ V can be reducible as the following observation shows. If q ≡ 1 (mod ℓ)
then mod-ℓ reduction of iG
P(s1) is isomorphic to the mod-ℓ reduction of iG
P(s0). Therefore
the spherical vector in ¯ V generates the trivial G-module. (Since it does so in iG
P(s0).)
6. Hecke algebra
We are interested in counting the multiplicty of the trivial representation in ¯ V . One way
to get an upper bound on the number of trivial subquotients is by looking at exponents.
It is useful to describe the minimal representation in terms of the corresponding represen-
tation of the Iwahori-Hecke algebra H. Let I be an Iwahori subgroup in G. Then H is
the algebra of I-biinvariant, compactly supported, C-valued functions on G. This algebra
can be described as follows. Let ∆ = {α1,...αn} be a set of simple roots. Let −α0 be
the maximal root and let ¯ ∆ = ∆ ∪ {α0}. Let   ,   be a bilinear form on Φ normalized so
that  αi,αi  = 2 for all i. Then H is generated by Ti, i = 0,...n satisfying the following
relations:  
TiTj = TjTi if  αi,αj  = 0;
TiTjTi = TjTiTj if  αi,αj  = −1;
and (Ti − q)(Ti + 1) = 0.
The space of I-ﬁxed vectors of a smooth representaton of G is naturally an H-module.
If V is the minimal representation then the corresponding H-module E = V I can be
described as follows. Let
E = ⊕
n
i=0Cei
with the action of H given by
Tiej =

 
 
−ej if αi = αj;
qej + q
1
2ei if  αi,αj  = −1;
qej if  αi,αj  = 0.
If q is a root of one, then E may reduce and this is closely related to reduciblities in
mod-ℓ reduction of V , since q is a root of 1 modulo ℓ. For example, if q = 1 then H is a
group algebra of the aﬃne Weyl group and E is the reﬂection representation which has a
trivial representation as a submodule, arising from the fact that the roots in ¯ ∆ are linearly
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We can describe normalized exponents of E as follows. Let λi for i = 1,...,n be the
fundamental weights and ρ =
 n
i=1 λi. Let αb be the unique branch vertex in the Dynkin
diagram. Let χb =
 
i =b λi. For every i  = b let b = i0,i1,...,ir = i be the shortest path
on the Dynkin diagram from b to i. Let
χi = sr    s1(χb),
where sil is the reﬂection corresponding to the simple root αil. Then χi for i = 1,...,n
are the normalized exponents of E and χb appears with multiplicity 2. This means the
following. Let B = TU ⊆ G be a Borel subgroup, where T is a maximal split torus and U
the unipotent radical of B. Let ̟ be a uniformizing element in the p-adic ﬁeld over which
we consider the group G. Since G is simply connected, any character of T is determined by
its values on co-roots. In particular, an unramiﬁed character is determined by its values on
α∨(̟). The action of T on VU decomposes VU as a sum of generalized eigenspaces VU(χ)
for characters χ of T. The characters χ such that VU(χ)  = 0 are called the exponents. Of
course, the trivial character is the unique exponent of the trivial representation of G. The
exponents of the minimal representations are
α
∨(̟)  → q
 ρ−χi,α 
for i = 1,...,n. Since a presence of trivial subquotients in ¯ V implies a presence of trivial
exponents we now have to understand under which conditions on q modulo ℓ some of the
exponents of V become trivial.
Case Dn. Realize the root system of Dn in the standard fashion so that the simple roots
are α1 = e1 − e2,...,αn−1 = en−1 − en and αn = en−1 + en. The root αn−2 = en−2 − en−1
is the branch point of the Dynkin diagram. The extended Dynkin diagram is obtained by
adding α0 = −e1 − e2. Then
ρ = (n − 1,n − 2,...,2,1,0)
and
χn−2 = (n − 2,n − 3,...1,1,0).
If i ≤ n − 2 then χi is obtained from χb by the cyclic permutation (i,i + 1,...,n − 2). If
1 < i ≤ n−2 then ρ−χi starts with 1 and ends with 0. In particular,  ρ−χ,e1 ±en  = 1
and this implies that the exponents ρ−χi are non trivial as long as q  = 1. The remaining
three diﬀerences ρ − χi are:

 
 
ρ − χ1 = (n − 2,0,...,0,0)
ρ − χn−1 = (1,1,...,1,1)
ρ − χn = (1,1,...,1,−1).
Since  ρ − χ1,α  is a multiple of n − 2 for all roots, the exponent ρ − χ1 is non trivial if
and only if qn−2  = 1. Similarly, for i = n − 1 and n we get a condition q2  = 1.
Ingeneral, for everyboundary vertex i of the Dynkin diagram we get a conditionqd+1  = 1
where d is the distance between the branch point b and i. (This can be checked using the
data in [S].) Thus, if ℓ does not divide qd+1 − 1 for all such d, then there could be noMINIMAL REPRESENTATION MODULO ℓ. 7
trivial subquotients in the mod-ℓ reduction of the minimal representation. In particular,
Corollary 1 implies the “if” part of our main result:
Proposition 4. The mod-ℓ reduction ¯ V of the minimal representation is irreducible if and
only if
• ℓ does not divide (q2 − 1)(qn−2 − 1), in the Dn case.
• ℓ does not divide (q2 − 1)(q3 − 1), in the E6 case.
• ℓ does not divide (q3 − 1)(q4 − 1), in the E7 case.
Proof. It remains to prove that ¯ V reduces if the divisibility conditions are met. To this
end it suﬃces to show that the reﬂection representation contains a trivial submodule. In
other words, we need to ﬁnd a vector v in E such that Tiv = qv for all i. Consider ﬁrst the
Dn case and assume that qn−2 ≡ 1 (mod ℓ), but q  ≡ −1 (mod ℓ). Let e0,...,en be the
previously introduced basis of E with e2 and en−2 corresponding to the branching vertices
in the extended Dynkin diagram. Let v =
 n
i=0 xiei in E. The equations Tiv = qv for
i = 0,...,n translate into n + 1 homogeneous equations in variables x0,...,xn. If we
set x0 = 1 then we can use the equations Tiv = qv for i  = n − 2 to determine all other
coeﬃcients xi:
v = e0 + e1 +
n−2  
i=2
(q
i−1
2 + q
1−i
2 )ei + q
n−2
2 en−1 + q
n−2
2 en.
Next, a short calculation shows that the remaining equation Tn−2v = qv holds if and only
if q
n−2
2 = q
2−n
2 and this is equivalent to qn−2 = 1. In order to ﬁnish Dn, it remains to deal
with q ≡ −1 (mod ℓ). In this case e0−e1 and en−1 −en are examples of eigenvectors with
eigenvalue −1. The remaining cases E6 and E7 are dealt in a similar fashion. We leave
details to the reader. ￿
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